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Fluids in which both time-reversal and parity are broken can display a dissipationless viscosity that
is odd under each of these symmetries. Here, we show how this odd viscosity has a dramatic effect
on topological sound waves in fluids, including the number and spatial profile of topological edge
modes. Odd viscosity provides a short-distance cutoff that allows us to define a bulk topological
invariant on a compact momentum space. As the sign of odd viscosity changes, a topological phase
transition occurs without closing the bulk gap. Instead, at the transition point, the topological
invariant becomes ill-defined because momentum space cannot be compactified. This mechanism is
unique to continuum models and can describe fluids ranging from electronic to chiral active systems.
In ordinary fluids, acoustic waves with sufficiently large
wavelength have arbitrarily low frequency due to Galilean
invariance [1]. When either a global rotation or an exter-
nal magnetic field is present, Galilean invariance is ex-
plicitly broken by either Coriolis or Lorentz forces within
the fluid, respectively. Hence, the spectrum of acoustic
waves becomes gapped in the bulk. Yet, a peculiar phe-
nomenon can occur at edges or interfaces: chiral edge
modes propagate robustly irrespective of interface geom-
etry. This phenomenon analogous to edge states in the
quantum Hall effect [2–4] was unveiled in the context of
equatorial waves [5] and explored in out-of-equilibrium
and active fluids [6, 7]. Similar phenomena occur in lat-
tices of circulators [8, 9], polar active fluids under con-
finement [10] and coupled mechanical oscillators [11–13],
including gyroscopes [14, 15] and oscillators subject to
Coriolis forces [16, 17].
In addition to Coriolis or Lorentz body forces, flu-
ids in which time-reversal and parity are broken generi-
cally exhibit a dissipationless viscosity that is odd under
each of these symmetries [18, 19]. The viscosity tensor
ηijkl relates the strain rate vkl ≡ ∂kvl to the viscous
part of the stress tensor σij = ηijklvkl. Odd viscosity
refers to the antisymmetric part of the viscosity tensor
ηoijkl = −ηoklij [18, 19]. In an isotropic two-dimensional
fluid, odd viscosity is specified by a single pseudoscalar
ηo, see Supplementary Information (SI) for details [19].
Odd viscosity changes sign under either time-reversal or
parity, and hence must vanish when at least one of these
symmetries is present. Conversely, odd viscosity is gener-
ically non-vanishing as soon as both time-reversal and
parity are broken [20–22]. For instance, microscopic Cori-
olis or Lorentz forces are sufficient to induce a non-zero
odd viscosity [23, 24], in addition to the corresponding
body forces. Odd viscosity has been studied theoretically
in various systems (see SI for a partial review) including
polyatomic gases [25], magnetized plasmas [24, 26], flu-
ids of vortices [27–30], chiral active fluids [31], quantum
Hall states and chiral superfluids/superconductors [32–
42]. Its presence has been experimentally reported in
polyatomic gases [43–45] (where both positive and nega-
tive odd viscosities were observed under the same mag-
netic field, for different molecules), electron fluids subject
to a magnetic field [46], and spinning colloids [47].
Here, we show that the presence of odd viscosity funda-
mentally affects the topological properties of linear waves
in the fluid. In particular, the net number of chiral edge
states depends on the signs of both odd viscosity and the
external magnetic field (or rotation) on each side of an
interface. We define a bulk topological invariant that ac-
counts for this striking behavior. In a fluid, momentum
space is not compact (linear momentum can be arbitrar-
ily large). Hence, the definition of bulk topological in-
variants requires a constraint at short wavelengths [48–
50]. We show that a non-vanishing odd viscosity pro-
vides such a short-distance cutoff, associated with mi-
croscopic angular momenta (see Fig. 1). Upon changing
the sign of odd viscosity, a topological phase transition
occurs without gap closing because at the transition, the
small-wavelength constraint changes, so the topological
invariant becomes ill-defined. When odd viscosity goes to
zero, half of the edge states are no longer hydrodynamic
because their penetration depths vanish while the other
half retain a finite penetration depth set by the gap size.
Model.— Consider the odd Navier-Stokes equations de-
scribing a compressible time-reversal and parity violating
fluid:
∂tρ(r, t) = −ρ0∇ · v(r, t) (1)
∂tv = −c2∇ρ/ρ0 + ωBv∗ + νo∇2v∗ (2)
where r ≡ (x, y) is the position, ρ is the fluid density
whose average is ρ0 [51], v ≡ (vx, vy) is the velocity
and v∗ ≡ (vy,−vx) is the velocity rotated by 90°. The
chiral body force ωBv
∗ can arise, e.g., from (i) Lorentz
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2FIG. 1. Physical realizations of the minimal model for
topological fluids with odd viscosity. (a) Two-dimensional
plasma under magnetic field B, with cyclotron frequency
ωB = qB/M . (b) Chiral active fluid with intrinsic rotation
angular frequency ωA, subject to a global rotation with an-
gular frequency ωB = −2Ω.
forces for which ωB = qB/M where Bzˆ is the magnetic
field, q is particle charge, and M is particle mass or (ii)
Coriolis forces for which ωB = −2Ω where Ωzˆ is the ro-
tation field. Besides the body force ωBv
∗, the Lorentz
or Coriolis forces experienced by the fluid particles also
give rise to an odd viscosity term νo∇2v∗, see SI and
Ref. [23, 24] for kinetic theory derivations and the de-
pendence of odd viscosity on fluid parameters, including
temperature. Other microscopic mechanisms violating
both time-reversal and parity also contribute to the odd
viscosity. This is for instance the case of active torques
(see SI and Ref. [31]).
Equations (1-2) are our starting point. Equivalent
equations, but with zero odd viscosity and with ρ re-
placed by the height of a surface wave, are studied in the
context of geophysics [52–57]. The topological properties
of such waves were identified for fluids on a sphere [5],
see also Ref. [6]. In the next section, we show that a non-
zero odd viscosity allows the topological characterization
of density waves for fluids within a plane by acting as a
short distance cut-off, see also Ref. [58]. By contrast, an
ordinary viscosity term ν∇2v by itself does not lead to a
regularization of the continuum theory; this term can be
neglected in the limit νo/ν  1 (see SI for a discussion).
Bulk dispersion and topology.— In the fluid bulk,
Eqs. (1-2) can be replaced by their momentum-space ver-
sion ∂t[ρ,v] = iL(q)[ρ,v] where the operator L(q) ≡
qxΛx+qyΛy +(ωB−νoq2)Λz is expressed in terms of the
3×3 matrices Λi (i = x, y, z, see SI for definitions). Here,
ρ(q, t),v(q, t) are the Fourier transforms of ρ(r, t),v(r, t),
and the wavevector q ≡ (qx, qy) takes values in the en-
tire plane. The dispersion relations ωs(q) for the fre-
quency of bulk modes are the eigenvalues of L(q) and
consist of three branches. One branch has a flat disper-
sion ω0(q) = 0 with an eigenmode combining vorticity
and density (see SI). The acoustic spectrum is described
by the other two branches, with dispersion relations
ω±(q)/ωB = ±
√
(1−mq¯2)2 + q¯2, (3)
where q¯ = |q|c/ωB . The qualitative features of these
dispersion relations near q¯ = 0 depend on the frequency
ωB and the dimensionless velocity ratio m ≡ ωBνo/c2,
which is analogous to the square of a Mach number (see
SI). As ωB (and not ν
o) controls the magnitude of the
gap at q¯ = 0, odd viscosity alone cannot open a gap
in the spectrum of acoustic waves. However, m plays
an important role in the shape of the dispersion relation.
For m < 1/2, the band structure looks similar to the case
m = 0, see Fig. 2a–c. For m > 1/2, the band structure
resembles a Mexican-hat potential. While the separation
between the bands is unchanged at q¯ = 0, the gap is now
located along a circle with radius q¯ = const 6= 0, and
the gap size decreases scaling as ωBm
−1/2 at large m. In
this regime, the group velocity ∂ω+/∂q of sound waves
in the fluid is negative for 0 < q¯ <
√
(2m− 1)/(2m2),
a feature shared with left-handed metamaterials, which
have a negative index of refraction.
The analogy between acoustic waves on top of a con-
stant background vorticity and the quantum-mechanical
wavefunction of electrons in a constant magnetic field
suggests that Eqs. (1-2) can lead to topological phenom-
ena akin to the quantum Hall effect. The geometric
phases in the wave propagation are captured by the Berry
curvature F±(q) = ∇q×[(u±q )† ·∇qu±q ] of the eigenmodes
u±q associated with the± bands at q in Eq. (3), that reads
F±(q¯) = ∓ 1 +mq¯
2[
q¯2 + (1−mq¯2)2]3/2 . (4)
In the usual case, the integral of Berry curvature over
momentum space is equal to a topological invariant.
However, standard topological materials have a lattice
structure, for which the wavevector q lives in a compact
Brillouin zone, equivalent to a torus. In contrast, fluid
models such as the one described by Eqs. (1-2) do not in-
clude a short-distance cutoff, and the wavevector spans
the entire two-dimensional (qx, qy) plane. As a conse-
quence, the definition of topological invariants for fluid
models requires the introduction of a constraint at small
length scales [48–50, 59–65], resulting in a nonzero m in
Eq. (4). Formally, this addition can be seen as an ul-
traviolet regularization of the continuum model. Here, a
mesoscopic length scale naturally arises from odd viscos-
ity whose presence leads to a well-defined limit for L(q)
as |q| → ∞, independent of the direction of q. As a
result, integer-valued topological invariants can be asso-
ciated to each band of the wave spectrum as the first
Chern numbers of a modified version of the operator L
defined over the compactified momentum space, i.e. a
sphere (see SI and Refs. [48–50, 59–65] in which a differ-
ent short-distance cutoff is considered in other physical
contexts).
When both ωB and ν
o are nonzero (and only in this
case), the first Chern number C− of the band with dis-
3persion ω− is given by
C− = sign(νo) + sign(ωB), (5)
whereas the other acoustic band has the opposite first
Chern number C+ = −C−, and the flat band ω = 0 has a
vanishing first Chern number. When odd viscosity van-
ishes, L(q) does not have a unique limit as |q| → ∞.
Hence, the compactification is no longer possible, and
the Chern numbers become ill-defined. Remarkably, this
results in a topological phase transition without gap clos-
ing [49, 60, 61]. This phase transition is due to an ul-
traviolet divergence of the hydrodynamic field theory. In
other words, the hydrodynamic description of the system
breaks down as the small lengthscales associated with
odd viscosity vanish.
The distribution of Berry curvature is also qualita-
tively modified by odd viscosity (see Fig. 2). When
0 < m < 3/8, the Berry curvature concentrates at q¯ = 0.
At higher values m > 3/8, the Berry curvature concen-
trates on a ring with finite radius, scaling as q¯ ∼ m−1/2
for large m. For negative m, a peak at q¯ = 0 coexists with
an extremum along a ring, with opposite contribution.
Bulk-boundary correspondence.— Topological invari-
ants characterize infinite systems without boundaries,
but their values are usually related to observable phe-
nomena at interfaces. According to bulk-boundary cor-
respondence, the net number of chiral edge states (with
frequencies in the bulk band gap) expected at an inter-
face between two systems L and R with invariants CL/R− ,
respectively, is N = CL− − CR−. Note that the general
validity of bulk-boundary correspondence has not been
established in continuum fluid models. We assume that
the case of a container wall can be considered by set-
ting CR− = 0 for the region where waves cannot propa-
gate [4, 66]. Provided that both ωB and ν
o are nonzero,
Eq. (5) applied to the region where waves propagate
implies that a chiral fluid has a total of two protected
edge modes traveling in the same direction at an edge
if ωBν
o > 0 (corresponding to |CL−| = 2), or a net total
of zero chiral edge modes if ωBν
o < 0 (corresponding to
CL− = 0). Notably, a topological phase transition occurs
between these two regimes without closing the bulk band
gap. Here, the second case corresponds to two counter-
propagating edge states which are not topologically pro-
tected (see SI and Supplementary Movie). We demon-
strate these phenomena within finite-element simulations
of Eqs. (1–2) in a modified disk geometry using COMSOL
Multiphysics (see Fig. 3, SI, and Supplementary Movies).
The density wave at the edge is excited at a frequency in
the gap (c.f., Fig. 2). For a range of model parameters
with ωBν
o > 0, the edge waves propagate unidirection-
ally around the edge of the disk and do not scatter off
sharp corners and prominent defects. Similarly, an inter-
face between fluids with opposite ωB with ωBν
o > 0 on
both sides should exhibit four co-propagating edge states.
FIG. 2. Effect of large odd viscosity on the topological
band structure. (a) Frequency ω¯± ≡ ω±(q)/ωB and Berry
curvature F± for m = 0.1. (c) Schematic representation of
band structure for system with edge. Gray regions of bulk
states are connected by lines of edge states. (d–f) Same as
(a–c), but for m = 4.
This is in sharp contrast to the case of strictly vanish-
ing odd viscosity [5–7], where only two edge modes are
present at an interface.
Although the existence of chiral edge states relies only
on the nonzero topological invariant associated with the
bulk bands, their penetration depth is determined by the
various parameters in Eqs. (1-2). The penetration depth
depends on the separation between the two topological
bands, which can scale with odd viscosity. To estimate
this penetration depth κ−1, we consider a simplified ge-
ometry with a straight fluid interface perpendicular to
the y-axis with a fluid described by Eqs. (1-2) filling the
region y < 0, whereas the region y > 0 is empty. Along
this edge, solutions for density waves in the fluid have
the form ei(ωt−q·r)+κy (for y < 0), which decays to zero
as y → −∞ for real ω, qx, qy and positive κ. We assume
that the dispersion of the edge states goes through the
point ω(qx = 0) = 0 (see SI for the general case). From
Eq. (3) where κ¯ ≡ κc/ωB , we find[[
1−m(q¯y + iκ¯)2
]2
+ (q¯y + iκ¯)
2
]1/2
= 0. (6)
4FIG. 3. Simulations showing topological edge states. (See
Supplementary Movie) (a) Edge state with m = 0.0625. Color
shows density deviations, |ρ − ρ0|/ρ0. The edge state is ex-
cited using small-frequency source (star, left). (b, top) Radial
profile of the chiral edge state in (a) comparing simulations
and analytics. (b, bottom) Same plot on log-linear scale. (c)
Snapshot as in (a), but with m = 9.0. (d) Radial profile from
(c) exhibits oscillations.
For small odd viscosity with 0 < m < 1/4, we find so-
lutions with q¯y = 0 and κ± = (c ±
√
c2 − 4νoωB)/2νo.
This solution includes the case κ− → ωB/c in the limit
νo → 0 [5]. In this limit, κ+ ∼ c/νo →∞ which implies
this mode has vanishing penetration depth and therefore
is no longer hydrodynamic. By contrast, no solution sat-
isfying qy = 0 exists at large odd viscosity when m > 1/4.
Instead, the edge wave has a profile whose amplitude
both decays and oscillates away from the edge. When
m  1 this solution has the form qy = ±
√
ωB/νo and
κ = c/(2|νo|) ∼ m−1ωB/c  ωB/c. In Fig. 3, we com-
pare these results with numerical simulations in which
no-tangential-stress, no-penetration boundary conditions
have been chosen (see SI for details, where we also ob-
serve that no-slip boundary conditions do not lead to
qualitative changes). We find good agreement between
our theoretical predictions and numerical simulations for
both the penetration depth (for νo both small, Fig. 3b,
and large, Fig. 3d) and the oscillation wavelength (for
large νo, Fig. 3d).
Discussion.— When can odd viscosity be neglected?
Comparing the magnitudes of terms on the right hand
side of Eq. (2), we find two length scales `1 ≡ νo/c and
`2 ≡
√
νo/ωB from the ratio of the compressibility and
Lorentz or Coriolis terms to odd viscosity (see SI). At
scales significantly larger than `1,2, odd viscosity is a
small effect. When νo → 0, `1,2 both vanish and the ef-
fects of odd viscosity are no longer captured by the hydro-
dynamic description. In this case, the lack of a cutoff at
short wavelength in the band structure allows for a topo-
logical phase transition without a corresponding closing
of the band gap. In a topological system with boundaries,
the penetration depth of one of the edge states scales as
`1 in the limit ν
o → 0, whereas the penetration depth
of the other edge state converges to a finite value. In
this limit, the effects of odd viscosity are confined in a
boundary layer with small thickness of order `1, in which
the hydrodynamic description does not apply. In partic-
ular, we find that in the limit of vanishing odd viscosity,
a single edge state with finite penetration depth remains,
with a chirality controlled by the sign of ωB . The other
edge state with vanishingly small penetration depth is
either co-propagating or counter-propagating, depending
on the relative sign of ωB and ν
o, but likely becomes un-
observable in the limit of zero odd viscosity, in agreement
with the results of Refs. [5–7].
When the lengthscales associated with odd viscosity
are sufficiently large, both edge states should be observ-
able, and different signs of odd viscosity relative to ωB
lead to physically distinct situations. Positive and nega-
tive ωBν
o are possible even when the body force and odd
viscosity both arise from the same origin. For instance,
polyatomic gases under magnetic field can have an odd
viscosity of either sign in the same magnetic field, de-
pending on the constituent molecules [43–45]. Besides,
active systems may allow one to control both quanti-
ties independently due to an additional internal source
of time-reversal and parity violation. For example, chi-
ral active fluids consist of microscopic components of
size a subject to internal torques and dissipation [67–
89], resulting in a steady-state rotation of each micro-
scopic component with frequency ωA and an odd viscos-
ity νo ∝ ωAa2 [31], where ωA and ωB can have opposite
signs.
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5SUPPLEMENTARY INFORMATION
I. DERIVATION OF THE EQUATIONS OF
MOTION
In this section, we derive Eqs. (1–2) of the main text
to describe a two-dimensional magnetized plasma with a
Lorentz force, a standard compressible fluid under rota-
tion, or a chiral active fluid with a Coriolis force.
A. Linearization of the pressure term
We consider perturbations of the fluid around a steady
state in which the density, velocity, and pressure fields are
given by (ρ0,v0, p0), respectively. For waves with small
amplitudes, the equation of state p(ρ) can be expanded
as
p(ρ) = p0 +
∂p
∂ρ
∣∣∣∣
ρ0
(ρ− ρ0) +O(ρ− ρ0)2. (S1)
where the response c2 = (∂p/∂ρ)ρ0 is by definition the
square of the local speed of sound c (it is assumed that
the derivative is taken at constant entropy). Hence, we
obtain at first order
∇p = c2∇ρ. (S2)
B. Magnetized one-component thermal plasmas
with screened interactions
We start with the Navier-Stokes equations in two di-
mensions
∂tρ(r, t) +∇ · [ρv(r, t)] = 0 (S3)
ρ∂tv + ρ(v · ∇)v = −∇p+ j×B+ ηo∇2v∗ (S4)
To account for the effect of the external magnetic field
B, a Lorentz body force term j × B and the anoma-
lous odd viscosity term ηo∇2v∗ are considered (see
Refs. [26, 43, 45] for the equations of fluid dynamics
and transport coefficients in magnetized plasmas), where
j = q/mρv is the current density and B the magnetic
field. Here, we consider a magnetic field orthogonal to the
plane, so the Lorentz term becomes ρωBv × zˆ = ρωBv∗.
We consider the regime in which viscous dissipation can
be ignored, and do not include an ordinary viscosity term
η∇2v. Finally, we linearize the equations around the
steady state (ρ,v) = (ρ0, 0) and replace the pressure term
through Eq. (S2) to obtain Eqs. (1–2).
C. Rotating fluid
We now consider a fluid undergoing solid-body rota-
tion with angular frequency ωR in the steady state. In
the rotating frame, a microscopic Coriolis force acts on
the constituents of the fluids, giving rise to an odd vis-
cosity term [23] and a Coriolis body force. The Coriolis
body force can be obtained by linearizing the convective
derivative around the rotating flow field. The change
of reference frame to the co-rotating frame leads to the
transformation ∂tv → ∂tv − ωRv∗, while the lineariza-
tion of the convective term leads to (v · ∇)v → −ωRv∗.
Hence, we end up with the equations
∂tρ(r, t) +∇ · [ρv(r, t)] = 0 (S5)
ρ∂tv + ρ(v · ∇)v = −∇p+ 2ρωRv∗ + ηo∇2v∗. (S6)
In this equation, v is the velocity field in the rotating
frame. By linearizing around (ρ,v) = (ρ0, 0), i.e. around
the solid-body rotation, and replacing the pressure term
through Eq. (S2), we again obtain Eqs. (1–2).
D. Chiral active fluids
Now we consider the derivation of a similar set of equa-
tions describing the hydrodynamics of a fluid which con-
sists of particles spinning around their centers—a chiral
fluid with active torques. We show that rigid-body ro-
tation can arise in such a fluid as a result of the com-
bination of the active torques with a specific choice of
boundary conditions. When the velocity field describes a
rigid-body flow, the equations describing density waves in
these chiral active fluids are Eqs. (1–2) of the main text.
The full nonlinear equations of motion for such a fluid in-
cludes three dynamical fields: the density ρ(r, t), velocity
v(r, t), and local intrinsic rotation rate Ω(r, t) [31, 69, 88]:
∂tρ(r, t) + ∂i(ρ(r, t)vi(r, t)) = 0 (S7)
∂t(IΩ) + ∂i(IΩvi) = τ +D
Ω∂2i Ω− ΓΩΩ− ijσij (S8)
∂t(ρvi) + ∂j(ρvivj) = ∂jσij − Γvvi (S9)
where I ≡ ιρ is the moment of inertia density (ι ∼ a2,
where a is the linear size of the fluid’s constituents par-
ticles), τ is the density of external torque causing the
intrinsic rotation, ΓΩ is the damping of intrinsic angular
momentum and Γv is the frictional damping of flow. The
fluid stress is given by
σij ≡ ij Γ
2
(Ω− ω)− pδij + ηijklvkl
+
IΩ
2
(∂iv
∗
j + ∂
∗
i vj)
(S10)
to lowest nonlinear order, where ω ≡ 12ij∂ivj is the
vorticity and v∗j ≡ jlvl is the velocity vector rotated
clockwise by pi/2. The stress is composed of the usual
fluid stress terms due to the pressure p and the (dissi-
pative) viscosity tensor ηijkl present in any fluid, and
two terms peculiar to chiral active fluids. One such term
is the antisymmetric stress in Eq. (S10) proportional to
6Γ, which results from inter-rotor friction and couples the
flow v to the intrinsic rotations Ω. The other chiral term,
IΩ(∂iv
∗
j +∂
∗
i vj)/2, is a nonlinear contribution that arises
from the conservation of angular momentum [31].
We now linearize these equations around the appro-
priate steady state. We are interested in the regime in
which gradients of intrinsic angular rotation Ω are negli-
gibly small: this corresponds to a velocity v0 and length
scale r0 such that Γ/I  v0/r0  τ/Γ (implying that
τ  Γ2/I). If Ω = Ω0 is constant, the terms involving
the gradients of Ω in the equation for v vanish, and the
only chiral term that remains has the form IΩ0/2∇2v∗,
i.e., it acts as an odd viscosity term with the value of odd
viscosity given by ηo = IΩ0/2.
When Ω is constant, the equations of motion for a chi-
ral active fluid are captured by the two dynamical fields
v(r, t) and ρ(r, t). For a fluid in a disk geometry, these
equations can be solved for the steady state (defined by
∂tv0 = ∂tρ0 = 0). If the speed of the steady-state flow
is small compared to the speed of sound (|v0|  c), the
steady-state flow can be considered incompressible, so
∇ · v0 = 0 and we indeed have ∂tρ0 = 0. The flow
is then defined by the vorticity ω ≡ ∇ × v/2, which
in the steady-state satisfies a Helmholtz equation. For
rolling (i.e., the chiral active fluid equivalent of no-slip)
or partial-slip boundary conditions, the speed of chiral
active particles at the edge is not zero, but is instead pro-
portional to Ω0. Alternatively, the boundary conditions
can be defined via a constant ω ∼ Ω0. Taking the limit
that the surface friction Γv is small, the equation for ω in
the steady state becomes Laplace’s equation: ∇2ω = 0.
For constant boundary conditions, the solution to this
equation will also be constant in space, i.e., ω = const.
This solution is precisely a rigid-body rotation, and part
of the family of solutions described in Ref. [88]. This
solution describes well the flow profile observed in both
a continuum analytical solution and particle-based nu-
merical simulations of a chiral active fluid in a disk [88].
In this situation, the equations of motion in the rotating
frame include a Coriolis force term, as explained in the
case of the rotating fluid. Hence, the linearized equations
describing density waves in the active fluid read
∂tρ(r, t) = −ρ0∇ · v(r, t) (S11)
∂tv = −c2∇ρ/ρ0 + 2ωRv∗ + νo∇2v∗ (S12)
(with νo = ηo/ρ0), which are Eqs. (1–2) of the main text.
II. FINITE-ELEMENT SIMULATIONS IN A
SYSTEM WITH BOUNDARIES
To test the analytical theory, we performed Finite-
Element Analysis simulations using COMSOL Multi-
physics software. Eqs. (1–2) of main text were simu-
lated by modifying the time-dependent Euler equation
physics within the Acoustics module. For these simula-
tions, we used the modified disk geometry shown in Fig. 3
of main text with hard-wall boundary conditions and a
small source with frequency ωs on the left-hand side of
the disk. These boundary conditions correspond to no
penetration of the boundary, v · nˆ = 0, where nˆ in com-
bination with zero force in the transverse direction (i.e.,
perpendicular to nˆ). We have checked that qualitatively,
the choice of no-slip boundary conditions (i.e., v = 0) in
our simulations would not change Fig. 3, see Fig. S3. The
radial profiles are fitted the analytic expressions e−rωB/c
for low odd viscosity, and e−rc/2ν
o
sin
(
r
√
ωB/νo
)
for
high odd viscosity. For Fig. 3a–b, in arbitrary units,
the parameters used were (c, ωB , ν
o, ρ0) = (8, 40, 0.1, 1);
the disk size was defined via radius 3 and the source was
chosen with ωs = 10 < ωB . For Fig. 3c–d, the param-
eters used were (c, ωB , ν
o, ρ0) = (15, 1000, 2, 1); the disk
size was defined via radius 3 and the source was chosen
with ωs = 20 ωB . In figure S2, we show the vorticity
fields corresponding to both cases.
When ωBν
o < 0, the first Chern number of the
bands is zero, meaning that no topologically pro-
tected edge states are expected. We show in fig-
ure S1 a numerical simulation of this situation with
(c, ωB , ν
o, ρ0) = (8, 40,−0.1, 1), where we observe two
counter-propagating edge states, which are not topologi-
cally protected. In this case, backscattering between the
edge modes clerly occurs at a defect (see also Supplemen-
tary Movie).
III. MODE STRUCTURE
We take the Fourier transform of Eqs. (1–2) by assum-
ing a wavelike solution of the form ei(ωt−q·r) for ρ, vx,
and vy. Dividing both sides by i leads to the eigenvalue
problem
ω
 ρvx
vy
 =
 0 ρ0qx ρ0qyc2qx/ρ0 0 −i(ωB − νoq2)
c2qy/ρ0 i(ωB − νoq2) 0
 ρvx
vy

(S13)
The off-diagonal coupling of the form i(ωB − νoq2) leads
to a new structure of the eigenvector corresponding to the
eigenvalue ω0(q) = 0. This eigenvector has the form u
0
q =
(i[ωB − νoq2],−qy, qx). In other words, the chiral terms
couple density and vorticity (= ∇ × v ∼ −qyvx + qxvy)
within this eigenmode. Note that the spectrum can be
computed for the case νo = 0, ω = ±√ω2B + c2q2 and
the general answer, Eq. (3) found using the substitution
ωB → ωB − νoq2. In this sense, the role of odd viscosity
is to rescale the Lorentz force in a lengthscale-dependent
manner. Because in the limit q → 0, the term νoq2 → 0,
the presence of odd viscosity in the absence of ωB does
not lead to a spectrum with a gap at q = 0.
7Fig. S1. Edge states in a topologically trivial gap. When
the sign of odd viscosity is switched from positive to nega-
tive (while keeping the value of ωB fixed), the Chern num-
bers change from ±2 to 0. This highlights the importance
of considering odd viscosity when characterizing topological
density waves, for example in plasmas and chiral active fluids.
In the topologically trivial case presented here, there are edge
states propagating in both CW and CCW directions from the
source. Furthermore, the edge waves lose topological protec-
tion and backscatter into each other, as can be seen at the
notch in the bottom of the disk. (See Supplementary Movie
for time-dependent wave propagation and scattering).
IV. TOPOLOGICAL INVARIANTS
This section is devoted to the precise definition of topo-
logical invariants in our problem. We first define the rel-
evant quantities, and then expose an argument adapted
from [49] to show that first Chern numbers for the bands
are defined only when both the time-reversal breaking
characteristic pulsation ωB and the odd viscosity ν
o are
nonvanishing. When ωB = 0, the gap closes, which al-
lows a topological phase transition. More surprisingly,
the gap does not close when νo = 0, although in that
case the Chern numbers nevertheless becomes ill-defined,
and this also allows for a topological phase transition as
the odd viscosity changes sign.
A similar mechanism was analyzed in the Bogoliubov-
de Gennes description of superfluid helium [49, 60, 61],
where the inverse effective mass plays the same role as
odd viscosity and allows for a regularization, and can
also be considered from the point of view of Green func-
tions [90, 91]. We also point out that such a regular-
ization naturally occurs as a formal but necessary ad-
dition in the mathematical analysis of continuum topo-
logical insulators. This aspect was discussed in high en-
ergy physics [48, 50, 59], for electromagnetic continua
[63, 64] and in the mathematical physics literature [65].
The marginal nature of a single Dirac (or Dirac-like) cone
was also discussed by Volovik [59, § 11.4.2]. In the usual
case of a topological insulator on a lattice, such a reg-
ularization is always present, due to the periodicity of
momentum space. Interestingly, similar issues arise in
condensed matter systems when, e.g., a single valley is
considered [62].
After a change of coordinates, the eigenvalue problem
(S13) can be written
iL(k)
[
ρ/ρ0
v/c
]
= ω
[
ρ/ρ0
v/c
]
(S14)
where k = cq and
L(k) = L·Λ = kxΛx+kyΛy+(ωB−(νo/c2)k2)Λz. (S15)
In this last equation, L = (kx, ky, ωB − (νo/c2)k2) and
Λ = (Λx,Λy,Λz) are the 3× 3 Hermitian matrices
Λx =
0 1 01 0 0
0 0 0
 Λy =
0 0 10 0 0
1 0 0
 Λz =
0 0 00 0 −i
0 i 0
 (S16)
satisfying the angular momentum relation [Λx,Λy] = iΛz
(and circular permutations thereof).
In the general case in which L = (Lx, Ly, Lz), the spec-
trum of L(k) is
(ω±, ω0) = (±
√
L2x + L
2
y + L
2
z, 0). (S17)
The acoustic bands ω± are gapped if and only if the vec-
tor L(k) is non-vanishing everywhere, and in this case
we can consider normalizing the vector L(k) to define
n ≡ L/‖L‖.
A topological invariant can be defined for the bands of
L(k), provided that the vector n(k) converges to a value
n(|k| → ∞) → n(∞) which is independent of the direc-
tion of k. In this case, one can assign this value n(∞)
to a point at infinity, and consider the map k 7→ n(k)
as defined on the compactified plane, which is equiva-
lent to a sphere. Hence, n can be seen as a map from
the sphere S2 to the sphere S2. As such, it defines a
compactified version of L = L · Λ defined as N = n · Λ,
which can be seen as a map from the sphere S2 to Her-
mitian matrices. The matrices L and N have the same
eigenvectors, and therefore the same Berry curvatures,
but the eigenvalues 0,±ω of L are flattened to 0,±1 in
N . As N is defined on a compact manifold, its bands
(or rather the corresponding vector bundles) have well
defined first Chern numbers, which are directly related
to the index (or degree) of the map n : S2 → S2. By
this construction, Chern numbers are attributed to the
bands of the operator L(k). The first Chern numbers are
topological invariants. As such, they do not change un-
der continuous deformations of the operator L(k) (such
as parameter changes), as long as (i) the gap between the
8Fig. S2. Vorticity in the topological edge state. We see that the vorticity profile follows closely the density profile in both
low-odd-viscosity (top) and high-odd-viscosity (bottom) regimes (c.f. Figure 3 of the main text for density profiles within the
same simulation). This is expected from the eigenmode solution for the edge states, which couples the density and vorticity
fields.
smalllarge
Fig. S3. Simulations with no-slip boundary conditions. The edge-state snapshot and profile of the density waves do not
noticeably change when the transverse boundary condition is changed from the boundary condition used in Figure 3 of the
main text to a no-flow boundary condition (present figure). This is expected from the eigenmode solution for the edge-state
profile, which does not depend on the exact boundary conditions.
9bands remains open and (ii) the direction of the vector
L(k) at infinity remains fixed.
This construction can naturally be extended to more
general forms of operators L(k) as follows: each band is
associated to a family of orthogonal projectors P (k) (for
example, P+(k) = |ψ+(k)〉 〈ψ+(k)|) over the plane. A
compactified version of this family can be defined when
the projectors P (k) have a common limit P (|k| → ∞)→
P (∞) independent of the direction of k, and the first
Chern number of the band is obtained by integrating the
Berry curvature tr[PdP ∧ dP ]. Again, this quantity is
well-defined as long as the compactified projector fam-
ily is well-defined, namely as long as (i) there is no gap
closing and (ii) the projectors have a common limit at
infinity.
In our case, we indeed have
n(|k| → ∞)→ [0, 0,−sign(νo/c2)] (S18)
as long as νo 6= 0. One immediately notices that this
direction depends on the sign of odd viscosity! Hence,
there must be a phase transition when νo → 0. In this
limit (i.e., when the odd viscosity vanishes), n(k→∞) ∼
(kx/k, ky/k, 0) where k
2 = k2x +k
2
y, namely n goes to the
equator of the sphere at infinity. Therefore for zero odd
viscosity, it is not possible to compactify the momentum
plane. As a consequence, the topological Chern number
becomes ill defined for zero odd viscosity. This is what al-
lows a topological phase transition to take place without
gap closing at νo → 0.
Let us now define and compute the topological in-
variant mentioned above. We first go back to the
general case. It is convenient to write L(k) =
L(sin θ cosφ, sin θ sinφ, cos θ), so that the normalized
eigenvectors are
ψ± =
1√
2
 sin(θ)± cos(φ)− i cos(θ) sin(φ)
± sin(φ) + i cos(θ) cos(φ)
 (S19)
and
ψ0 =
 i cos(θ)− sin(θ) sin(φ)
sin(θ) cos(φ)
 . (S20)
The Berry connections Aj = 〈ψj , i dψj〉 are then given by
A± = ± cos(θ)dφ and A0 = 0, and the Berry curvatures
Fj = dAj are F± = ∓ sin(θ)dθ ∧ dφ (note that there is
a factor of two with respect of the more usual case of a
massive Dirac cone, with Pauli matrices), and F0 = 0.
In terms of cartesian coordinates, F± = ∓1/2ijknidnj ∧
dnk. This expression allows to express the first Chern
number of the band ± as
C1(±) = 1
2pi
∫
F± (S21)
= ∓ 1
2pi
∫
R2
L
L3
· (∂kxL× ∂kyL)dkxdky ∈ 2Z.
Let us stress one more time that while the last expression
involves an integral on the plane, it is pulled back from
an integral on the sphere which ensures its quantization.
This is only valid when n(k) converges to a single value
independent of the direction when |k| → ∞. In this case,
this integral is equal to two times the index (or degree)
of the map n = L/L : S2 → S2, so C1 is an even integer.
In the general case where this constraint is not enforced,
the value of the integral is a priori unconstrained, and it
does not necessarily define a topological invariant.
In our case where L = (kx, ky, ωB − (νo/c2)k2) we find
F± = ∓ ωB + k
2(νo/c2)
[k2 + (ωB − (νo/c2)k2)2]3/2 dkx ∧ dky
= ∓ 1 + ωB(ν
o/c2)q¯2
[q¯2 + (1− ωB(νo/c2)q¯2)2]3/2 dq¯x ∧ dq¯y.
(S22)
Integrating over the plane yields (we assume c2 > 0) we
have for the lower band with dispersion ω−
C1(−) = sign(νo) + sign(ωB). (S23)
The same result can also be obtained by recognizing
that equation (S21) is two times the index of the map
n : S2 → S2. Indeed, n(0) = (0, 0, sign(ωB)) while
n(∞) = (0, 0,−sign(νo)), and for intermediate values n
moves towards the equator, so the map is nontrivial if and
only if sign(ωB) = sign(ν
o) and exchanging the signs of
the parameters changes the index to its opposite.
V. EFFECT OF ORDINARY VISCOSITY
In this section, we discuss the effects of ordinary vis-
cosity. We will argue that (i) ordinary viscosity alone
does not regularize the hydrodynamic theory, i.e. it does
not allow to compactify the wave operator and to de-
fine topological invariants; (ii) when ordinary viscosity is
small compared to odd viscosity, but nonzero, the main
conclusions of our analysis remain unchanged, up to a
probable attenuation of both bulk waves and edge waves,
which is expected to be momentum-dependent; (iii) at
larger values of the radio of ordinary viscosity over odd
viscosity, new phenomena are expected.
When ordinary viscosity is present, an additional non-
Hermitian term is added to the wave operator L(k) which
becomes
L(k) =
 0 kx kykx −i(ν/c2)k2 −i(ωB − (νo/c2)k2)
ky i(ωB − (νo/c2)k2) −i(ν/c2)k2

(S24)
where ν = η/ρ0 is the ordinary viscosity. In this section,
the eigenvectors ψ±,0 are labeled through the real part
of their eigenvalues.
As explained in section IV, compactified versions of
the projectors P±,0(k) = |ψ±,0(k)〉 〈ψ±,0(k)| can be de-
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Fig. S4. Angular dependency of the projector as a function
of the momentum amplitude k = |k|. We plot the quantity
max
θ
‖P (k, θ) − P (k, 0)‖max as a function of k for (a) no vis-
cosity at all (b) only ordinary viscosity (c) only odd viscosity
and (d) both ordinary and odd viscosities. When they are
nonzero, we take ordinary viscosity to be ν = 0.25 and odd
viscosity to be νo = 0.5.
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Fig. S5. Spectrum of the wave operator in the complex
plane for (a) no ordinary viscosity (b) small ordinary viscosity
and (c) high ordinary viscosity. In all cases, ωB = 1 and ν
o =
0.5. Ordinary viscosity is (a) ν = 0 (b) ν = 0.1 (c) ν = 3.0.
The spectra of L(k) are computed for −2.5 ≤ kx, ky ≤ 2.5.
Higher values of |k| correspond to points outside of the plot
range, here with higher values of |Re(ω)|.
fined when they have a common limit at infinity. Writ-
ing k = k(cos θ, sin θ) and P (k, θ) = P (k), we consider
maxθ |P (k, θ)− P (k, 0)| as a function of k = |k| and nu-
merically evaluate it. On figure S4, we plot this quantity
(on a log-log scale) for (a) no viscosity at all i.e. ν = 0
and νo = 0 (b) only ordinary viscosity i.e. ν 6= 0 and
νo = 0 (c) only odd viscosity i.e. ν = 0 and νo 6= 0
and (d) both ordinary and odd viscosities i.e. ν 6= 0 and
νo 6= 0. The difference decreases with |k| only when odd
viscosity is present, showing that (a) ordinary viscosity
does not regularize the theory and (b) does not hinder
the regularization due to odd viscosity.
Note that when ordinary viscosity is present,
but not odd viscosity, L(|k| → ∞) converges to
diag(0,−i(ν/c2)k2,−i(ν/c2)k2) irrespective of the direc-
tion of k, but this is not enough to ensure that the
compactification is possible because this property is not
transmitted to the projectors P±,0(k).
We now consider the effect of a small ordinary viscosity
on the bulk bands. We consider a system with nonzero
ωB and nonzero odd viscosity ν
o. When ordinary vis-
cosity is zero, the spectrum of the wave operator L is
gapped and purely real [see figure S5(a)]. When a small
ordinary viscosity is introduced, the spectrum becomes
complex: it acquires a small negative imaginary part, de-
scribing the attenuation of the waves due to viscous dissi-
pation [see figure S5(b) and figure S7]. Importantly, for
small values of ordinary viscosity (compared to odd vis-
cosity), the spectrum remains gapped [see figure S5(b)]:
there are still three well-defined bands that continuously
deform to the three bands ±, 0 when ordinary viscosity
goes to zero, without gap closing. For each band, a spec-
tral projector and a first Chern number can be assigned
(there are subtleties due to the wave operator being non-
Hermitian, see e.g., [92]), equal by continuity to the one
obtained at vanishing ordinary viscosity. Hence, one can
reasonably expect that all the phenomenology discussed
for zero ordinary viscosity will also occur when it is not
strictly zero, up to an attenuation of all waves, probably
depending on the wavenumber. At larger values ordinary
viscosity (with respect to odd viscosity), different behav-
iors can occur, including the appearance of exceptional
rings in the spectrum of the non-Hermitian wave operator
(similar to [93]). In particular, the bands are no longer
well-separated (see figure S5(c); on this figure, the merg-
ing points where the three bands touch correspond to
circles in momentum space where the wave operator be-
comes non-diagonalizable i.e. rings of exceptional points,
see also figure S6). Hence, it is not possible to directly
extrapolate our results to this case, that would require a
dedicated analysis.
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Fig. S6. Spectrum of the wave operator along a radial
direction for high ordinary viscosity. We plot the real part
and imaginary part for each band, and the absolute value
of the differences between the eigenvalues |ωi − ωj | (that
vanishes when a gap closes) with respect to the radial mo-
mentum k, as the eigenvalues do not depend on the angle
θ of k = k(cos θ, sin θ). Outside of the range of momenta
where all eigenvalues have a vanishing real part, we can unam-
biguously define three bands ω±,0(k) with respectively posi-
tive/negative/vanishing real part. Their real parts are respec-
tively plotted in red/blue/pink. The imaginary part of ω± are
the same, and are plotted in black, while the imaginary part
of ω0 is plotted in pink. In the range where the real parts are
all vanishing, all imaginary parts are plotted in black. Here,
ωB = 1 and ν
o = 0.5 and ν = 0.1.
VI. SHAPE AND PENETRATION DEPTH OF
THE EDGE STATES
In the main text, the shape and penetration depth of
the topological edge states are analyzed for the particular
case where (ω¯, q¯x) = (0, 0) for the edge state (ω¯ = 0
corresponds to the middle of the gap). In this section,
we discuss the general case.
Replacing q¯2 by q¯2x + (q¯y + iκ¯)
2 in Eq. (3) and solving
for q¯y as a function of all other parameters, we find four
solutions [q¯y + iκ¯]±,±(m, ω¯, q¯x) that read
±
√
2
2m2
√
−2m4q¯2x +m2 ±
√
4m4ω¯2 − 4m2 + 1− 1
(S25)
where the ± are independent. In the main text, we con-
sider the simplest case (ω¯, q¯x) = (0, 0); the corresponding
values of q¯y and of the penetration depth κ¯
−1 are plot-
ted as a function of m in figure S8(a,b). We also plot
the same quantities as a function of ω¯ for fixed m = 1.1
in figure S8(c,d), where it can be seen that for small
values relative to the gap size at q¯ = 0 (which is 2 in
units of ω¯ = ω/ωB), both the wavevector component
q¯y and the penetration depth κ¯
−1 are almost constant.
The same remarks hold true when q¯x is real and nonzero,
−2.5
0.0
2.5
R
e(
ω
i
)
−0.2
0.0
Im
(ω
i
)
0.0 0.5 1.0 1.5 2.0 2.5
radial momentum k
0
2
4
|ω
i
−
ω
j
|
Fig. S7. Spectrum of the wave operator along a radial direc-
tion for low ordinary viscosity. See figure S6 for details. Here,
we can always distinguish the three bands ω±,0(k). Here,
ωB = 1 and ν
o = 0.5 and ν = 3.0.
see figure S8(e,f). In the numerical simulations, the ra-
dial wavelength (corresponding to q¯−1y ) is much smaller
that the azimuthal one (corresponding to q¯−1x ) with a ra-
tio of order 10−2, as seen in Figure 3 of the main text.
Hence, q¯x  q¯y. In this regime, we can safely assume
(ω¯, q¯x) = (0, 0).
VII. NON-DIMENSIONALIZED
NAVIER-STOKES EQUATION
The continuity equation being unmodified with respect
to usual fluids, we focus on the (odd) Navier-Stokes
equation. Let us define a length scale L and a ve-
locity scale U ; a time scale is then obtained as L/U .
Non-dimensionalizing through v → Uv, ∇ → L−1∇,
∂t → T−1∂t, we obtain
∂tv = −Ma−2∇ρ/ρ0 + Ro−1v∗ + Re−1odd∇2v∗ (S26)
where we defined the Mach, Rossby and odd Reynolds
dimensionless numbers
Ma =
U
c
Ro =
U
LωB
Reodd =
UL
νo
. (S27)
The odd Reynolds number is discussed in [31], and we
call Ro the Rossby number irrespective of whether it de-
scribes a Lorentz force or a Coriolis force. Note that
as shown in [31], a fluid with odd viscosity can be com-
pressible even at low Mach number if the odd Reynolds
number is sufficiently small, because incompressibility re-
quires Ma2/Reodd  1.
This non-dimensionalization allows us to compare the
magnitudes of the different terms. In particular, the ratio
of the odd viscosity term and the Lorentz/Coriolis term
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Fig. S8. Wavevector q¯y and penetration depth κ¯
−1 of the edge states (in reduced units), (a-b) as a function of m at ω¯ = 0;
(c-d) as a function of the excitation (reduced) frequency ω¯ and (e-f) as a function of the wavevector q¯x along the edge, both at
fixed m = 1.1 (this value is marked by a dashed gray line in (a-b)). In (a-b), the dotted gray line corresponds to m = 0.
is given by
odd viscosity
Lorentz/Coriolis
∼ Ro
Reodd
=
`22
L2
(S28)
where `22 = ν
o/ωB . Similarly, the ratio of the odd viscos-
ity term and the compressibility term is given by
odd viscosity
compressibility
∼ Ro
Ma−2
= Ma
`1
L
(S29)
where `1 = ν
o/c.
The lengths `2 and `1 separate the large length scales
L `i where odd viscosity can be neglected with respect
to the other terms from the small length scales L . `i
where it becomes important.
The dimensionless number m discussed in the main
text can be seen as (the square of) a reduced Mach num-
ber
m ≡ ωBν
o
c2
=
Ma2
Ro Reodd
=
(
`1
`2
)2
. (S30)
or alternatively as the ratio of length scales m = (`1/`2)
2,
which describes which term dominates odd viscosity at
large length scales.
VIII. ODD VISCOSITY IN VARIOUS SYSTEMS
Here, we discuss the appearance of odd viscosity in sev-
eral systems where parity and time-reversal symmetries
are broken.
From a theoretical point of view, odd viscosity can also
be understood from symmetry arguments as a hydrody-
namic coefficient generically occurring in parity-violating
fluids, see [20–22] and references therein. However, this
construction does not provide a value for the odd vis-
cosity coefficient in any given system. In this section,
we discuss some particular systems where the presence
of odd viscosity is well-established, either experimentally
or from kinetic theory.
For gases and plasmas, theoretical results and experi-
mental data are only available in three-dimensional sys-
tems. To connect the discussion in 2D with existing re-
sults in 3D, let us consider a quasi-2D system in the yOz
plane, with a magnetic field Bex orthogonal to the plane
(to follow [18, 24]). In an isotropic two-dimensional sys-
tem, there is only one odd viscosity. The tensor can be
written ηodd = ηodd [σ1⊗σ3−σ3⊗σ1] where σj are Pauli
matrices and ⊗ is the tensor product [19]. Alternatively,
the antisymmetric viscosity tensor reads in index nota-
tion
ηoddijkl =
1
2
ηodd (ikδjl + ilδjk + jkδil + jlδik) . (S31)
Hence, the only non-vanishing components are
ηodd = ηoddyyyz = η
odd
yyzy = −ηoddyzyy = −ηoddzyyy
−ηodd = ηoddzzzy = ηoddzzyz = −ηoddzyzz = −ηoddyzzz.
(S32)
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A. Thermal plasmas and monoatomic gases under
rotation
The viscosity of a hot (i.e. thermal) magnetoactive
one-component plasma at strong magnetic field can be
computed by kinetic theory [24, 26]. Most of the momen-
tum in the plasma is carried by the ions, and it is assumed
that the collisions with the electrons do not contribute to
the transport coefficients. In the same quasi-2D geom-
etry as below, we have ηyyyz = 2η3 while ηyzyy = −η3,
where η3 refers to the notations of [26, § 58, in particu-
lar (58.16)] (in this reference, the magnetic field is cho-
sen along z, so the relevant components are xxxy and
xyxx). The antisymmetric part is η
(A)
yyyz = 3/2η3, so we
have ηodd ∝ η3. In the hypotheses of a strong magnetic
field, reference [26, § 59, (59.38)] gives
ηodd ∝ η3 = ρ kBT
2mωB
(S33)
where ρ is the fluid density, ωB = qB/m is the cyclotron
frequency, m and q the masses and charges of the ions.
This equation is only valid at strong magnetic field. A
more general version (still for a thermal plasma) is [24,
§ 19.44 and § 19.32] (see also [94] for a sign correction)
ηodd ∝ η3 = 1
2
ηyyyz =
η0
2
(
4ωBτ
1 + 4ω2Bτ
2
)
= ρ
kBT
2mωB
(
4ω2Bτ
2
1 + 4ω2Bτ
2
) (S34)
where τ is a collision time, and η0 = pτ the viscosity
at zero field. When ωBτ  1, the simplified case of a
strong magnetic field is recovered, but here η3(B) → 0
when B → 0. Note that the standard viscosity in the
plane is also modified by the magnetic field, and [24]
ηyyyy = ηzzzz =
−2η0
1 + 4ω2Bτ
2
= −ρ kBT
mωB
ωBτ
1 + 4ω2Bτ
2
.
(S35)
Hence, the ratio of odd over standard viscosity scales as
η
(A)
yyyz/ηyyyy = −3/2ωBτ .
Interestingly, the same result was found for gases
(without additional internal degrees of freedom) subject
to a Coriolis force [23], up to the replacement ωB →
4/3Ω, where Ω is the rotation rate.
B. Two-dimensional electron gases, superfluids,
and superconductors
In hard condensed matter physics, odd viscosity is
most often called Hall viscosity, and it appears in the
semi-classical description of the electron fluid in a metal
[95–97] under magnetic field. There, the Hall viscosity
of a two-dimensional electron gas computed from kinetic
theory is
ηodd ∝ ηH = −η0 ωBτ0
1 + (ωBτ0)2
(S36)
where η0 is the shear viscosity of the electron fluid with-
out magnetic field, and τ0 a collision time. The standard
viscosity under magnetic field is η = η0/(1+(ωBτ0)
2) ; at
large ωBτ0 the Hall viscosity dominates. This viscosity
affects the motion of electrons in the electron gas, lead-
ing in principle to measurable quantities [95, 96, 98, 99].
This analysis was extended to graphene [100], where
the presence of odd viscosity has been experimentally
reported in [46] with values as high as ηH/η0 ∼ 0.3.
For example, at T = 100 K, the characteristic length
`2 =
√
νo/ωB ∼ 1.2 µm.
Hall viscosity has also been predicted in superflu-
ids such as Helium III [32, 40, 41] and superconduc-
tors [39], provided that time-reversal and parity are
broken, a situation occurring in chiral p + ip superflu-
ids/superconductors.
In gapped quantum fluids, a Hall viscosity has been
predicted (using adiabatic properties of the ground states
under constant strains) to be topologically quantized [33,
36, 37, 98, 101–106]. In such systems, the Hall viscosity
can be expressed as [36, 37]
η(H) =
1
2
~n s (S37)
where s can be seen as (the opposite of) the average
orbital spin per particle, and n is the particle number
density.
C. Polyatomic gases in magnetic fields
With the notations of [18] (in particular CH. XII § 2),
used in [25], ηyyyz = −2η4 while ηyzyy = η4. The an-
tisymmetric part is η
(A)
yyyz = −3/2η4, and hence ηodd ∝
−η4. For particular models of gases of non-spherical par-
ticles (e.g., polyatomic molecules) under magnetic field,
kinetic theory calculations [25, 107–109] show that
− ηodd ∝ η4 = η0ψ˜
(
6
Θ˜
1 + Θ˜2
+ 4
2Θ˜
1 + 4Θ˜2
)
. (S38)
In this equation, η0 is the viscosity coefficient without
magnetic field and Θ˜ = KµB/~p where B is the magnetic
field, µ is the magnetic moment of molecules, p is the
pressure of the gas, and ψ˜ is a dimensionless and K a
characteristic viscosity, both function of the microscopic
parameters. Experimental measures [43–45] show that
the maximum value of η4/η0 is −1.81× 10−3 for CO and
0.88× 10−3 for HD (at approximately 0.02 bar and 4 T).
(See also [110] and references therein.) Interestingly, the
sign of η4 (hence of odd viscosity) is controlled by the
14
g-factor of the molecule through its magnetic moment,
showing that the odd viscosity can be either positive or
negative in this experimental realization.
IX. FURTHER DISCUSSIONS ON PLASMAS
A. Three-dimensional two-component plasmas
In two-component plasmas in the absence of external
magnetic field, the heavier ions are screened by the lighter
electrons, leading to propagating ion acoustic waves. On
the other hand, a magnetic field perpendicular to a
wavevector prevents screening: the centers of electron cy-
clotron orbits become pinned by magnetic field lines, sup-
pressing motion in response to ion density waves. How-
ever, because ions are much heavier than electrons, for
a range of small but nonzero q · B, electrons effectively
screen the ions via fast motion along field lines, whereas
the ions move along cyclotron orbits. Equations (1–2)
may be a good description for the motion of ions in
these so-called electrostatic ion cyclotron waves. In that
regime, topological edge waves would exist for a narrow
region in three-dimensional wavevector space. The edge
waves would probably not be as robust as in the two-
dimensional case, as scattering from the topological edge
modes to bulk modes in presence of a disturbance would
likely possible, provided that the defect couples the edge
modes to wavevectors outside of that narrow region.
B. Unscreened plasmas
To derive the equations that describes the Berry cur-
vature of an unscreened plasma, we can consider the role
of an electrostatic potential. For a given density distribu-
tion, the electrostatic potential φ is given by the screened
Poisson equation
(∇2 − λ−2)φ = −eρ/(0M), (S39)
where λ is the screening length and M is the mass of the
constituent charges. The electrostatic force on a charge e
is given by −e∇φ. Therefore, a cold plasma is described
by equations
∂tρ(r, t) = −ρ0∇ · v(r, t) (S40)
∂tv = −e∇φ/(Mρ0) + ωBv∗, (S41)
(∇2 − λ−2)φ = −eρ/0. (S42)
Note that in the cold plasma limit, νo → 0.
Taking the Fourier transform, we can eliminate the
electric potential φ via the solution to the Poisson equa-
tion φ = eρ/[0(q
2 + λ−2)]. For convenience we define
the plasma frequency ωp =
√
ρ0e2
0M2
. With this notation,
the eigenvalue problem looks similar to Eq. (S13):
ω
 ρvx
vy
 =
 0 ρ0qx ρ0qyω2pqx/[ρ0(q2 + λ−2)] 0 −iωB
ω2pqy/[ρ0(q
2 + λ−2)] iωB 0
 ρvx
vy

(S43)
Note that for small screening lengths, λ→ 0, this reduces
to the same form as Eq. (S13), with the speed λωp taking
the place of the speed of sound c. On the other hand,
for unscreened plasmas, λ → ∞, and the effective speed
of sound goes as ω2p/q
2. The spectrum then has a simple
form ω2 = ω2B + ω
2
p. In the unscreened limit we use
the eigenvector solutions to find the expression for Berry
curvature:
F±q = ±L2
4ωBωp
√
1 +
(
ωB
ωp
)2
(1 + 2ω2B/ω
2
p + q
2L2)2
. (S44)
Note that because an unscreened plasma has no intrinsic
lengthscale, an arbitrary length L must be introduced.
Integrating this expression over q-space, we find
∫
F±q
d2q
2pi
= ±
2ωBωp
√
1 +
(
ωB
ωp
)2
1 + 2ω2B/ω
2
p
, (S45)
which is independent of the choice of L and corresponds
to non-integer integrated Berry curvature. This expres-
sion has two natural limits: (i) ωp  ωB for which
Eq. (S45) reduces to ±1∓ω4p/(8ω4B) when the gap is dom-
inated by the topological band theory (with C± = ±1
[for νo = 0]) with small corrections due to the plasma
frequency; (ii) ωp  ωB for which Eq. (S45) reduces to
±2ωB/ωp. For a non-extensive system with unscreened
long-range interactions one would expect that a band-
structure analysis may be subtle. In this light, the lack of
a well-defined Chern number is a significant feature high-
lighting a unique aspect of unscreened plasma physics.
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